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Abstract 

We consider a family Ti, {Xi, . . . , Xm] of vector fields in M". Under a suitable 
s-involutivity assumption on commutators of order at most s, we show a ball-box 
theorem for Carnot-Caratheodory balls of the family H and we prove the related 
Poincare inequality. Each control ball is contained in a suitable Sussmann's orbit 
of which we discuss some regularity properties. Our main tool is a class of almost 
exponential maps which we discuss carefully under low regularity assumptions on the 
coefficients of the vector fields in %. 

1. Introduction and main results 

In this paper we discuss Carnot-Caratheodory balls and the Poincare inequality for a family 
T-L = of nonsmooth vector fields in M" satisfying a suitable involutivity 

condition of order s € N, which turns out to be a good substitute of the well known 
Hormander's rank hypothesis. Under our assumptions, control balls are not necessarily 
open sets in the ambient space W^, but each of them is contained in a suitable orhit 
associated with the vector fields oiT-L. In this setting we will prove a ball-box theorem and 
the related Poincare inequality for control balls of the family %. Our main tool consists of 
a class of almost exponential maps which are discussed below. 

In the setting of Hormander's vector fields, control balls have been studied by Nagel, 
Stein and Wainger [NSW85J . who proved the following fact: assume that the (smooth) 
vector fields Xj of the family T-i together with their commutators of order at most s span 
the whole space M" at any point. Denote by V := Vs ■= {Yi, • • • , Yq} the family of such 
commutators. Then, given the Carnot-Caratheodory ball Bcc{xo,r) associated with "H, 
there are commutators 1^^ , . . . , Yi^ E P of lengths li^, . . . < s such that the exponential 
map 

$(u):=exp(^^ Ukr'^-kYi^xo (1.1) 

l<fc<n 

satisfies a "ball-box" double inclusion <I>(Seuc(C'~^)) ^ B^^cixQ^r) C $(i?Euc(C')) where 
i?Euc(C) '■= -Beuc(0,C) C M"" denotes the Euclidean ball of radius C > centered at the 
origin. Moreover, they showed that the Lebesgue measure of control balls is doubling. 



*2010 Mathematics Subject Classification. Primary 53C17; Secondary 53C12. Key words and Phrases: 
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More recently, Tao and Wright |TW03| discovered that maps $ could be manipulated 
without the Campbell-Baker-Hausdorff-Dynkin formula, using arguments more based on 
Gronwall's inequality. Subsequently, Street |Strll| extended such approach showing that 
the Hormander's condition can be removed, provided that one assumes that for some s € N 
the following s-integrability condition holds: for aHYi,Yj (^V = 'Ps, one can write 

[Yi,Y,]= c%Yu, (1.2) 

l<k<q 

where the functions c^^ must have suitable regularity. This condition goes back to Hermann, 
|Her62| and it ensures that any Sussmann's orbit O-p of the family V is an integral manifold 
of the distribution generated by V. Under (jl.2p . control balls are contained in the orbits 
of the family V and Street |Strll) has shown a complete generalization of the ball-box 
inclusion to such setting together with the doubling estimate for the pertinent measure of 
the control ball. 

Given a family % and its Carnot-Caratheodory distance dec, a remarkable estimate 
which embodies many properties of the metric space (R^jdcc) is the associated Poincare 
inequality. It is well known that such inequality plays a crucial role in several questions 
concerning analysis and geometry, consult the references |FL831[Jer86|ISC92|IGN96|IChe99| 
IHK00|IKZ08 ]. to see the Poincare inequality in action. 

Although the exponential maps $ discussed above are rather natural to study control 
balls and to estimate their measure, they are not directly useful to prove the Poincare 
inequality. It was already observed in |Jer86| . that the natural "exponential maps" to 
prove the Poincare inequality should be factorizable as compositions of exponentials of 
the original vector fields of H. However, in [Jer86 j the Poincare inequality was achieved 
for Hormander vector fields with different techniques The program implicitly suggested 
by Jerison was carried out in the subsequent papers |LMOO| [MM04| [MM12c| . Namely, 
in |MM12c| . the present authors showed that, at least for Hormander vector fields (even 
with quite rough coefficients), a "ball-box" double inclusion still holds if we change the map 
$ in (jl.ip with the almost exponential map 

E{h) := exp^p(/iiAy.J o . . . o exp^p(/i„A'yiJ(a;), 

where expg^p denote the approximate exponentials appearing in |NSW85pVSCC92yMor00l 
IMM12c| : see |MM12al Section 2] for the precise definition. 

In this paper, starting from some useful first order expansions of E obtained in |MM12a| 
(see Theorem 12 . 51 below) we discuss the structure of control balls for vector fields belonging 
to a regularity class which we call Bs- We say that a family H = {Xi, . . . , X^} belongs to 
the class Bg if all Xj € Ti belongs to (this ensures that all commutatros Yj £ V are C^); 
moreover, we require that (|1.2p holds for the family V and that the functions c^j in ()1.2p 
are smooth with respect to the differential structure of each orbit; see Definition 12.11 

To state our result we need the following notation. If "P = {Yi, . . . ,Yq} and x € M", 
then Px := span{l^(x) : I < j < q} and px := dimP^;. Given r > and Yi^^, . . . ,Yi^ G V, 
let Yii^ = r^^kYi^ be the scaled commutators and put 

Ei,xAh) ■= expap(/ii?ii) • • • exi>^p{hpYi^)x (1.3) 

^It must be observed that Jerison's paper also involves a study of some nontrivial global aspects of the 
Poincare inequality which we do not discuss here. 
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for each h close to € (after passing to Yi., the variable h lives at a unit scale). We 
also denote by the p-dimensional surface measure and by Bcc control balls. Finally Bg 
denote balls with respect to the distance g > dec defined in (j2.ip . 



Theorem 1.1. Let % he a family of Bg vector fields. Let C M" he a hounded set. Then 
there is C > 1 such that the following holds. Let x G and take a positive radius r < C^^ . 
Then there is a family of px ='■ P commutators l^j, . . . ,Yi^ such that the map E := Ei^x,r 
in (jl.3p is smooth on the unit ball i?Euc(l) C and satisfies 

C-^<\9^Eih)A...A^,Eih)\ /or a// /. G 5euc(1), and (1.4) 

\Yi,{x)A---AYi^ix)\ 

EiBEnc{l))^Bg{x,C-'r). (1.5) 

Moreover, Ei^x,r is one-to-one on -Beuc (1) and we have the doubling property 

aP{Bccix,2r)) <CaP{Bccix,r)) for all x £ Q and < r < C'^ . (1.6) 

Finally, for any function f, we have the Poincare inequality 

/ \f{y)-fB..i.dd<^ny)<CY. / \rX,f{y)\daP{y). (1.7) 



The constant C in Theorem 11.11 turns out to depend on an "admissible constant" Li 
which will be defined precisely in (|2.7p . Note that Li is defined in terms of the coefficients 
Cij in (|1.2p but does not involve any positive lower bound on the infimum i>{D.) in ()2.10p . 
which is allowed to vanish even on compact sets. This makes such result suitable in the 
perspective of multi-parameter distances studied in [ Strll| . Finally, since in (jl.Sp Bg 
denotes the control ball defined by all commutators (with their degrees, see ()2.ip ). as 
a consequence we have the local inclusion Bcc{x,r) ^ Bo{x,C~^r^), where Bq is the 
geodesic ball on the orbit O] see Remark 13.31 

Under more restrictive regularity assumptions {Yj G and c^^- € C^), the doubling 
estimate (|1.6p was proved by Street |Strll| . Here we improve the regularity assumptions 
(our class Bg requires that Yj G and c^j € Cq) and moreover, under assumption Bg, we 
prove the Poincare inequality on orbits, which was not known, even in the smooth setting. 
Note that the techniques in |Strllj rely on the map $ in (jl.ip . which is not suitable as a 
tool to prove the Poincare inequality, while our "factorizable" maps E work perfectly. 

Let us mention that under our regularity assumptions, inclusion (jl.Sp is not completely 
trivial. Indeed, such inclusion implies in particular the following qualitative fact: a subunit 
path 7 of the family V = {Yi, . . . , Yq} of commutators with 7(0) =: x, cannot leave the 
Sussmann's orbit O^^ of the horizontal family T-L for small timesQ This statement needs 
to be checked carefully. See the discussion in Remark 13.31 and see Lemma 13.51 In the 
Hormander case, this issue does not appear, because = M", by Chow's Theorem. 
Indeed, in |MM12b] . under the Hormander assumption, we are able to prove Theorem 11.11 
under even lower regularity assumptions than those of the present paper: namely, we 
assume that higher order commutators are only along horizontal directions. 



^Recall that given T-L = {^i, . . • , Xm} and xq £ R", then the Sussmann's orbit is the set of points 
in R" which are reachable from xq via a path which is piecewise an integral curve of one among the vector 



fields of T-L; see |Sus73] . 
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A further delicate part of our argument is the proof of the injectivity of maps E. 
Note that the clever argument by Tao and Wright, |TW03] . |Strll| . is peculiar of the 
standard exponential maps $ and does not extend to our maps E. Since it does not 
seem that any direct argument can be adopted, we will let to cooperate the maps E and 

which, although different, have analogous estimates on Jacobians. To accomplish this 
task, we need first to perform an accurate analysis of the standard exponential maps <I>. 
In particular we shall improve Street's ball-box theorem for maps $ to vector fields in 
the class Bg, which is larger than the class originally studied in |Strll| : see especially the 
proof of Theorem I4.1l -(ii). Then we show through a lifting argument that the map Ej^x,r 
is one-to-one as a consequence of the injectivity of the map ^i^x,r- 

Before closing this introduction, we mention some more recent papers where nons- 
mooth vector fields are discussed. In |SW06| . diagonal vector fields are discussed deeply. 
In the Hormander case, in the model situation of equiregular families of vector fields, nons- 
mooth ball-box theorems have been studied by see [KV09|lGrelO|lManlO| . Finally, |BBP12) 
contains a nonsmooth lifting theorem. 

The paper is organized as follows: In Section [2] we give some preliminaries. In Section [3] 
we prove the ball-box theorem for our almost exponential maps E. In Section U] we discuss 
the ball-box theorem for maps <I> for vector fields in the class Bs- 

2. Preliminaries 

General notation about constants. We denote by C, Co, Ci, C2 . . . large absolute 
constants. We denote instead by to, £o,£irQ,rjQ,r]i, ... or small absolute constant. We 
will specify carefully along the paper what the constants we deal with depend on, i.e. what 
"absolute" means. 

Vector fields, orbits and the control distance. Consider a family of vector fields 
n = {Xi, . . .,Xm} and assume that Xj G C^(M") for all j. Write Xj =: fj ■ V, where 
fj-. M" — )• R". The vector field Xj, evaluated at a point x € M", will be denoted by Xj^x 
or Xj{x). All the vector fields in this paper are always defined on the whole space M". Let 

y) := inf {r > : there is 7 G Lip((0, 1), M") with 7(0) = x, 7(1) = y 

and 7(t) G { Ei<j<m Cj?'^j,7(t) : |c| < l} for a.e. t G [0,1]}. 

As usual, we call Carnot-Caratheodory or control distance the distance dec- 

Given a fixed s > 1, denote by V := {Yi, . . . , Yq} = {X^ '■ ^ < \w\ < s} the family of 
commutators of length at most s. Let ij < s be the length of Yj and write Yj =: gj ■ V. 
The distance associated with V (where each Yj has degree £j) will be denoted by g: 

g{x,y) := inf {r > : there is 7 G Lip((0, 1), M") such that 7(0) = x 

7(1) = y and j{t) G {E'=i&i^'^^j(7(t)) : \b\ < l} for a.e. t G [0, 1]}. ^^'^^ 

We denote by Bg{x,r), Bcc{x,r) and B-£,^c{x,r) the balls of center x and radius r with 
respect to g, d^c and the Euclidean distance respectively. We also denote for brevity 
SEuc(r-) :=5Euc(0,r). 
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Definition 2.1 (Vector fields of class Bs)- Let % = {Xi, . . . ,Xm} he vector Relds in M". 

We say that H is a family of class Bs if Xj € Ceuc J ^ {!)••• j'^} ^^cl moreover, 

given any open bounded set C M", there is Ci > such that we may write for suitable 

functions c.^,- 
''J 

[Y„Yj] := {Yigj - Y^gi) • V = ^ c%Yk where (2.2) 

l<fc<q 

sup |4 (x)| < Ci for aU k € {I, . . . , q}; (2.3) 

we require finally that for all k G {1, . . . , q}, ^ < n, x S and I = [ii, . . . G 
{1, . . . , q}^, the map 

^i,x 3 iui,...,Uf,) ^ (^exp(^ ^ UoXi^x^ (2.4) 
is Cgyj. smooth on the open set ^i^x C where it is defined. 

Remark 2.2. Class Bs contains the regularity classes studied in jStrl I) f (which require 
Yj,c^j G C^j and it is a subclass of the class As introduced in lMM12alj . More precisely, if 
a family % belongs to Bg, then it belongs to As and the constants Lq and Cq in lMM12a^ 
can be estimated by Li in (j2.3p . 

Remark 2.3. (i) The assumption Xj G C^^^ ensures that all the vector fields Yj are 
Cgjjj. smooth. It is known that if (|2.2p and ()2.3p hold with c^j locally bounded, then 
any subunit orbit 

:= {y e : 4c(x, y) < oo} (2.5) 

with topology r^^^ is an immersed submanifold and it is an integral manifold of 
the distribution generated by V. Charts are described in (|3.6p . In the paper \MM1 J| 
we show a more general statement involving Lipschitz vector fields, 
(a) Hypothesis ()2.4p leaves on the orbits O = O-p of the family V = {Yi, . . . ,Yq} and it 
is ensured for instance by the assumption that c^j G Cq, i.e. C^ with respect to the 
differential structure of each orbit. 
(Hi) Observe also that conditions (|2.2p and (|2.3p scale correctely. Indeed, take a family % 
of Bs vector fields, denote Y^ := r^'^Y^ for k = 1, . . . ,q and r G ]0, 1]. Then there are 
newC^ functions c?jf^{x) and an algebraic constant Ci > so that \YhC^-fJ\ < Ci|y/jC*-^| 
for all k, h and moreover for all x € Qq we have 

[Yj,Yk]:=[r'^Yj,r'>'Yk] = Y,^kYi and < Ci + Ci. (2.6) 

To see (|2.6p . if £j + £k > s, then let c^-fc(x) := r^J+^'=^^»c*;,(x) and we are done. If 
instead ij +ik < s, then the Jacobi identity shows that there are algebraic constants 
a*^ such that [Yj,Yk\ = Yji,=£j+£f, Therefore ([XUj) holds. 

Given a family of Bg vector fields in M" and (s J^o C bounded sets, introduce the 
constant 

m q 

Li:=Yl E s^iPl^"/il+ E (sup|4|+sup|n4|). (2.7) 

j=l 0<\a\<s ^« i,j,k,e=l ^0 ^° 
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In the remaining part of the paper we fix open bounded sets d and we consider 

points X G and radii r < tq where tq is smah enough to ensure that ah balls Bg{x, tq) are 
contained in Qq and that all points Ei^x,r{h) and ^i^x,r{u) appearing in the paper belong 
to f^o- 



Wedge products and ry-maximality conditions. Next, following |Strll) . we define 
some algebraic quantities which we will use below. Define for any p, // G N, with 1 < 
p < fj,, Z{p, n) ■.= {!= {ii,...,ip) : 1 < ii < 12 < ■■■ < ip < /u}. For each x £ M" 
define Px ■= dim spanlYj-^^. : 1 < j < q}. Obviousely, px < mm{n,q}. Then for any 
p G {1, . . . , min{n, q}}, let 

Yi,x := Yi,,x A • • • A Y,^,x G Ap^^I^" ~ Apl^" for all / G q), 

and, for all K G I{p, n) and / G I{p, q) 

(x) := dx^{Yi„. . . ,y.J(x) := det(55)a,/3=i,...,p- (2-8) 

Here we let dx^ := dx^^ A • • • A dx^^ for any K = [ki, . . . , kp) G n). 

The family ex '■= e^^ A • • • A 6^^, where K G Z{p,n), gives an othonormal basis of 
i.e. {eK^en) = <J_ft',_ff for all K,H. Then we have the orthogonal decomposition 

Yli^) = Y.KYf{x)eK G ApK", so that the number \Yi{x)\ := (Ei^eXfen) (^)')'^' = 
A • • • A Yijj{x)\ gives the p-dimensional volume of the parallelepiped generated by 
Y,,{x),...,Yi^{x). 

Let I = {i 1, . . . , ip) G I{p, q) such that \Yj\ ^ 0. Consider the linear system X]fc=i C^Yi^, - 
W, for some W G spanjl^^, . . . ,1^^}. The Cramer's rule gives the unique solution 

where we let := := A A 

Let r > 0. Given J G Z{p,q), let £(J) := + • • • + ^j^. Introduce the vector- valued 
function 

Ap{x,r) := [Yj (x)r ^'^^) j(zX(p,q),K&X(:p,n) ^^'^) J&X(p,q),K&X{p,ny 

where we adopt the tilde notation := r^*Yfc and its obvious generalization for wedge 
products. Note that |Ap(x,r)p = ^^g2:(p,g) 
Finally, for each A C M", put 

u{A) := inf |Ap,(x,l)|. (2.10) 

Definition 2.4 (r/-maximality) . Let x G M", let I G I{px,q) and rj G (0, 1). We say that 
{I,x,r) is r]-maximal if \Yj{x)\r^''^^ > T] max \Yj{x)\r^^'^\ 

J€X{px,q) 

Note that, if (/, x, r) is a candidate to be r/- maximal with / G q), then by definition 
it must he p = Px- 
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Approximate exponentials of commutators. Let tt;i,...,w^ G {l,...,m}. Given 

t G M, close to 0, define the approximate exponential eap"^™^ ' := expg^p{tXwiW2...wi) as 
in |MM12aj and see also j NSW85UMM12c| . By standard ODE theory, there is to depending 
on i, $7, Qqj sup|/j| and sup|V/j| such that exp^{tXwiw2...w()x is well defined for any x € Q 
and |t| < to- Define, given / = (ii, . . . , ip) G {1, . . . ,q}P, x G 17 and h G W, with \h\ < C'^ 

||/i|L:= max Ql{r) := {h € W : \\h\\r < r}. ^^'^^^ 

Recall the fohowing result. 

Theorem 2.5 ( ;MM12al Theorem 3.11]). Let V. be a Bs family. Let x e n and let 
r G (0, ro). Fix p G {l,...,q} and I G I{p,q). Then the function Ej^x,r is smooth 
on i?Euc(C~^)- Moreover, for all h G i?Euc(C'~^) and for any k G {l,...,p} we have 
E*{dhk) ^ ^E{h) ^6 can write 

^j=rffc+i 1=1 

where, for some C > 1 we have 

l4(/i)| < C7||/i||^^"'^* for all h e Beuc{C-^) (2.13) 
\uji{x,h)\ <C\\h\\'/'^~'^'' for all h e BEnciC'^) x e Q. (2.14) 

The proof of Thoerem l2.5l in |MM12a| involves the more general class As and constants 
in that paper depend on the data Co and Lq there. Therefore, in view of Remark 12. 2| 
constants in Theorem 12.51 depend quantitatively on Li in ()2.7p . 

Gronwall's inequality. We shall refer several times to the following standard fact: for 
all a > 0, 6 > 0, T > and / continuous on [0, T], 

ft „ 
0<f{t)<at + b f{T)dT ontG[0,r] ^ f {t) < -{e^* - I) on t G [0, T]. (2.15) 
Jo 

3. Ball-box theorem for almost exponential maps 

In this section we prove the ball-box theorem for our almost exponential maps E associated 
with a family % = {Xi, . . . ,Xm} of vector fields of class Bs- Given / G I{p, q) and r > 0, 

we denote as usual Uj := r'^^Uj := r^'^Yi^ and Ei^x,r{h) := E{h) = e'l^^ ■ ■ ■ elp^^ x. 
Moreover, Qi{r) denotes the associated box (see (|2.1ip ). Finally recall that we use the 
notation |x| to denote the operator norm of any matrix x with real elements. 

Theorem 3.1. Let Ti he a family of Bs vector fields. If {L,x,r) is ^-maximal, x G ft and 
r < ro, then there are C2 > 1 and £q < 1 such that, for all j = 1, . . . ,p := px, 

E.{dh,) = Uj,E{h)+ x]{h)UkMh) forallheQiieo), (3.1) 
i<fe<p 
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where x G C^^^{Qi{eo),WP) satisfies 

\x{h)\<C2\\h\\j tf\\h\\j<eo. (3.2) 

Note that Theorem 13.11 does not require any positive lower bound on the number v 
defined in (|2.10p . Moreover it holds for the more general class As in |MM12aj and the 
constants C2, £0 and ro depend quantitatively on Lq and Cq introduced in that paper, and 
ultimately — in view ol Remark 12.21 — on Li. 

For future reference, we write ()3.ip in matricial form as 

dE{h) = [Yi^^E(h), • • ■,\,E(h)] i^P + X{h)] =: [Yj^Eih)] [Ip + x{h)]. (3.3) 

Proof of Theorem \3.1[ It follows immediately from Theorem 12.51 Indeed, starting from 
(j2.12p and applying |MM12al Remark 3.3] with = i, we get 



4+l<^j<s a=l l<«<q l<a<P 

=:Uk,E+ Y xim,,E, 

l<j<p 

where E = E{h) and, by |MM12a| Remark 3.3], we have < C. The coefficients x^j 

are unique by the linear independence of the Uj^E- Moreover, since in Theorem |MM12a| 
Theorem 3.11] we have proved that h 1— ?> E^:{dh^) is continuous and by assumption Bg we 
know that the maps h 1— ?> Uj{E{h)) are continuous, then, the Cramer's rule (|2.9p shows that 
X is continuous. Finally estimate (|3.2p follows from the inequality [a'^(/i)[ + [a;^(x,/i)[ < 
C II see dsn and dm]). □ 

Next we discuss our ball-box theorem in the class Bg- 

Theorem 3.2. Let % he a family of Bg vector fields. Then there are £o,£i > and C2 > 
such that for any ^-maximal triple (/, x, r) with x € ^2, / € I{px, q) O'^d r G (0, ro) 

(a) for any £ < £q we have 

Ei,xAQii^)) ^ Bp{x, C^^£'r); (3.4) 

(b) the map Ei^x,r is one-to-one on the set Qi{£i). 

The proof of inclusion (|3.4p will be shown in Lemma 13.71 The proof of the injectivity 
statement will be given later, after some more work. See pagell2l Note that in Theorem l3.2| 
all constants £q, C2, only depend quantitatively on Li in (12. 7p and there are no problems 
even if the infimum ^{Q) in ()2.10p is zero. 

Remark 3.3. Concerning Theorem \3.2y fa) note the following aspects. 

(i) Inclusion ()3.4p ensures that Bg{x,r) C O-^. We have shown in JMMJ2a]/ that on the 
orbit 0-}i there is a topology t(U) with basis U (see (|3.5p ). such that (0-}{,t{U)) 
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is a submanifold and T^Oy^ = Px for all xH Therefore, to show inclusion (|3.4p 
one must first give a rigorous proof of the fact that a subunit path of the family V 
starting from x € O-^ should stay in O-^i for t close to zero. We prove this statement 
in Lemma 13.51 where we show that the subunit orbit O-p^cc of the commutators (see 
(j2.5p ) coincides with the Sussmann's orbit O-^ of the original vector fields, 
(a) Note also that ()3.4p implies the Fefferman-Phong-type local inclusion Bci{x,r) ^ 
Bq{x, C~^r*), where Bq denotes the geodesic ball on O. Here x belongs to a compact 
set and r is small enough: see jFPS3) f. Therefore the topology t^^^ on O := O-^ = 
O-p^cc is equivalent to the topology defined by the metric g and both are equivalent 
to the topology associated with the geodesic Riemannian distance provided by the 
first fundamental form of O. 

The main application of the results in this section is the following. 

Corollary 3.4. Let % = {Xi, . . . ,Xm} he a family of Bs vector fields in M"'. Then for 
any bounded open set Q C M", there is C > 1 depending on Li in (j2.7p such that for any 
X € n and r G (0, C""*^], letting p := px, we have 

aP{B,,{x, 2r)) < Ca^iB^^ix, r)) and 
/ l/(y) - fB.Ar,r)\da'{y) <CY, \rX,f{y)\da^{y). 

The doubling property was already proved by Street |Strll| under more restrictive 
assumptions. At the author's knowledge, the Poincare inequality in such setting, is new 
even in the smooth case. 

Proof of Corollary \':l.4\ The proof of the doubling property is an immediate consequence 
of Theorems 13.11 13.21 and of area formula. The proof of the Poincare inequality can be 
obtained arguing as in |LMOO| . We avoid here the repetition of the arguments. □ 

Before starting the proof of Theorem I3.2l -(a). recall that it was shown in |MM12a| 
Theorem 3.13] that maps of the form Ej^x can be used to give to O-^ a structure of p- 
dimensional integral manifold of the distribution generated by V. More precisely, one can 
introduce a topology t{U) generated by the family 

U := {Ei^xiO) -.xeOJe I{p, q), \Yi{x)\ / 

(o.b) 

and O C Oj^x is a open neighborhood of the origin}. 

(here Oj^x is a neighborhood of the origin such that Ei^x{Ol,x) is an embedded submanifold) 
and maps Ej^x can be used as charts. 

In order to prove (|3.4p . we need the following lemma. Let g be the distance with respect 
to the family V defined in (j2.ip . Let Oj, := {y G M" : g{x, y) < oo} be the subunit orbit 
of the family V (see ()2.5p ) and let Tg be the topology associated with g. 

^ Note that even if the vector fields are smooth, maps of the form Ej^x are genericaUy not much 
regular. For example, given the smooth vector fields Xi = di and X2 = {xi + x'l)d2, then the map 
h ^ exp3,p(/i[Xi, X2](0, 0) = (0, /i + h\h\^/^) is C^-'^^^ only; see [MMlM Example 5.7]. 
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Lemma 3.5. Let T-L be a family in Bg for some s. Let xq € M". Then we have the following 
topologically continuous inclusions: 

(a) (b) 

Remark 3.6. Note that on := 0^°^^ = O^' both inclusions {0,t{U)) C [O.Tcc) C 
(O, Tg) are trivially continuous. Therefore, Lemma \3. 51 shows that all mentioned topologies 
are equivalent on . 

The proof of Lemma 13.51 relies on the fohowing facts discussed in |MM11| . Let V = 
{Yi, . . . ,Yq\ be a family of vector fields satisfying (j2.2p and (|2.3p . Fix a subunit orbit 
O-p^cc- Then =: p is constant as x € O-p.cc and moreover (O-p^ccTg) is a integral 
manifold of the distribution spanned by V. See |MM11| . Charts can be described as follows. 
For any x S O-p^cc and for each / G I(p,q) such that |Y/(x)| ^ there are e, 6 > and 
/3 e C1(Seuc(x, e), Rp^p) such that the vector fields Vj := Y.l=i l^^jYik ' where j = l,...,p, 
are C"^ smooth of i?Euc(a;,e) and satisfy [V^',Vfc](^) = for all ^ G Bp{x,d) C i?Euc(2;,e) 
where g is defined in (12. ip . Moreover, the map 

:= exp ^ ■"i^i)^ (3-6) 
i<i<P 

is a full rank map from a neighborhood O/^^' of the origin which parametrizes a 
embedded submanifold ^'/^^(O/^x) which satisfies T^^ ^(j^^^ i^x{Oi^x) = P^!i^(h) for all /i G 
O/^x- Furthermore, the family S := {^'/^^(O) : O C O/^x is an open neighborhood of the 
origin} can be used as a base for a topology t{S) on O-p^cc which is equivalent to Tg. 

All these facts have been proved in |MM11| for Lipschitz vector fields and in particular 
hold in our case. 

Proof of Lemma \3.5[ Inclusion (a) is obvious together with its continuity. Indeed, we 
always have Bg{x,r) D E'/^a^dH/iH/ < C~^r}) for all x,r and for some universal C. 

To prove (b), we use the topology t(S) instead of Tg. Let S be a r(W)-neighborhood of 
some fixed x G O^. Taking / € T{p, q) such that |y/(x)| ^ 0, we may assume that for some 
neighborhood O of the origin S D Ef^x{0), where Ej^x{0) is a embedded p-dimensional 
submanifold. Possibly taking a smaller O, we may assume that Ej^xiO)) D BEuci^T^) is a 

graph. We claim that there is o" > such that the inclusion ^/,a;(-BEuc(c)) C Ej^xiO) 
holds. This will conclude the proof. To show this claim, note that, given u G Seuc(o'), 
we can write ^i^x{u) = 7(1), where 7 is the integral curve of the vector field ujVj. 
Since the vector fields Vj are C^, the required statement follows if a is small enough by an 
application of Bony's theorem |Bon69| Theorem 2.1]. □ 

An alternative proof of (b) relies on the fact that if |Y/(x)[ ^ 0, then for all O C Oj^x 
the map Ej^xlo with values into the manifold O-p^cc is and nonsingular. Therefore 
it is open, because the dimensions of O and Op^cc are the same. 

The following lifting lemma implies Theorem (|3.2p -(a). 

^Recall that an aplication of Bony's theorem states that, if E C R" with a topology r is a immersed 
submanifold of R" and V is a, locally Lipschitz vector field such that V{x) G T^^E for all a; G E, then for 
all a; G E, e^^x G E for t close to 0. More precisely, for all f2 G r and x £ Q there is to such that e^^x G f2 
if 1*1 < to. 
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Lemma 3.7. Let T-i he a family of Bg vector fields. If {I,x,r) is ^-maximal, x G and 
r < tq, then there are C2 > 1 and Eq < 1 such that for all s < Eq letting := C2S~'^ the 
following holds: let ^ he a Lipschitz path such that 7(0) = 7 = '^'j=iCj{C~^rY^Yj{'-^) 
a.e. on [0, 1], where |c| < 1. Then there is a Lipschitz continuous path 9 : [0, 1] R" such 
that 61(0) = 0, Ej^^^r{0{t)) = j{t) and \\9{t)\\j < e for all t € [0, 1]. 

Before giving the proof of the lemma, recall that if p G N and x^b W^^^, then 
\X\<1 ^ \iIp + xrHlp + b)-Ip\<2{\x\ + \b\) for ah beW^. (3.7) 
This can be seen by writing {Lp + x)^^ a Neumann series. 

Proof of Lemma \3. 71 The argument of the proof is analogous to [NSW85llMM12c] . We 
include the argument because it will be used in Proposition 13.91 

First of all, by Lemma l3.5l -fb). we know that 7 belongs to O^. Let £ < Eq and define 
Cs '■= C2S~^ , where the constant C2 will be fixed soon. Let t S [0,1]. We say that 
6 G LipEuj,([0,t],MP) is an e-lifting of 7 on [0,t] if 6(0) = 0, S o 6* = 7 on [0, t] and 
\\9{t)\\j < £ for aU t G [0,t]. Let to := sup{t G [0, 1] : there is a e-lifting of 7 on [0,t]}. We 
already know that tg > 0. Our purpose is to show that to = 1. 

Next we claim that if 9 is an e-lifting of 7 on [0, t\ , then it should be 

\\9{t)\\j<^- forahtG [0,t]. (3.8) 

In order to prove (|3.8p . Let t* G (0,t). In a neighborhood O* of 9{t*) the map E : O* 
E{0*) is a diffeomorphism onto an open neighborhood E{0*) of j{t*) in O. Let F be 
its inverse. Then for a.e. t close to t* we get for all k G {1, . . . ,p} 

j/it) = j/Hlt) = E c,{t)C7'^Y,FHlt) = E c,{t)C7'^ m.P'i^t)- 

l<l3<q l</3<'? l<j<P 

Here Yi. := r^'^iYi.. Differentiating the identity {F o E){h) = h for G O*, we also get 
Ip = d{FoE) = dF{E)dE = dF{E)[Yi{E)]{Ip + x)- Letting Ip + n = {Ip + x)~^, we obtain 
ly^^F^I = + fx'^l <C for aU j,k = l,...,p. Observe that \Ip + n\ <C, by with 
6 = 0. Therefore \ ^9''{t)\ < CQ-^ for ah t G [0,f). 

Now we are in a position to prove estimate p.8p . Assume that it is false. Then, there 
is ^G (0,f) such that for ah t G [0,t) we have ||6'(t)|| < | = ||^(*)||- Therefore, we get for 
some G {1, . . . 



< CC-' = CCo'e 



Therefore, if C2 is large enough to ensure that CCg^^ < this chain of inequalities can 
not hold. This shows (|3.8p . 

At this point, it is easy to check that an e-lifting on [0, t\ is unique. Indeed, if there 
were two different liftings 9i,92, then the set {t G [0, t] : 9i{t) = 92{t)} would be nonempty, 
open and closed in [0,t\. This implies that to is actually a maximum. To conclude the 
argument, observe that it can not be to < 1) because in this case we could extend the 
lifting on a small interval [0,to -|- 6], for some 6 > 0. The proof is concluded. □ 
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Remark 3.8. Note that the constant C2 depends quantitatively on the constant Cq and 
Lq in lMM12a1 . See Remark 12.21 In the particular case where "H satisEes the Hormander 
condition at step s, then we have O-^ = 0-p,cc = I^"" and Lemma 13.71 holds with C2 
depending on Cq and Lq. 

We are left with the proof of Theorem I3.2l -(b). To prove such statement, we need a 
multidimensional version of the lifting statement just proved and we also need an ad hoc 
version of Street's ball-box Theorem |Strll| (this will be discussed in Section U]). 

Let iji be the constant in Theorem 14.11 Fix r/2 < ^1 small enough to ensure that 

CqvI^' < C^^el (3.9) 

where Cq and 772 appear in (|4.3p . while C2 and Eq denote the constants in the already 
proved Theorem 13 . 21 - (a) . Note that the constant Cq in ()4.3p is completely independent of 
the results of the present section. Therefore (|3.4p and (I3.9p give the inclusions 

E{Qi{eQ)) D Bp{x,C^^elr) D Bp{x,Cerjl^'r) D HBEudm)) ^ B p{x , C^\'^r) , 

where we kept (j4.3p into account in last inclusion. Here (/, X, r) is 7^-maximal, E : — Ej x^r 
and $ := ^i^x,r- 

Here is our lifting result for the maps 

Proposition 3.9 (lifting of standard exponential maps). Let % he a Bg family. Let 
7/2 be a constant satisfying (j3.9p . let {I,x,r) be a ^-maximal triple and let <I> = ^i^x,r 
and E := Ei^x,r be the corresponding maps. Then there are 773 < 7/2, C3 > 1 and 
9 € Ci^,(SEuc(??3),Q/(eo)) such that 9{0) = 0, 

E{9{u)) = $(n) for all u G BEndm) (3.10) 

and, letting d9{u) =: Ip + uj{u), we have 

Hu)\ < C3\u\'/' < ^ for all u G B^nM ■ (3.11) 

The constants 7/3 and C3 depend on Li in (|2.7p . 

From now on, we restrict the choice of Eq in Theorem 13.11 and Lemma 13.71 in order to 
ensure that 

C2eQ < (3.12) 

where C2 appears in ()3.2p . 

Taking for a while Proposition 13.91 for granted, we are ready to prove the injectivity 
statement of Theorem 13.21 

Proof of Theorem VJ.'A fb). We combine the just stated proposition with Theorem 14.11 Let 
7/3 be the constant in Proposition 13.91 Since 7/3 < r/i, where r/i is the constant in Theorem 
14. H $ must be one-to-one on -Beuc(^3). Thus, 9 is one-to-one on the same set and E is 
one-to-one on 0(-Beuc(%)). Clearly, estimate ()3.1ip implies that ^|n — S| < \9{u) — 9{u)\ < 
2\u - u\, for ah u,u € .Beuc(%)- Therefore, 6'(5euc(??3)) 2 -Beuc(%/2). The proof is 
concluded taking ei = r/3/2. □ 
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Proof of Proposition [3751 The proof is articulated in three steps. 

Step 1. Take r/3 so small that rj^^'^ < Cg^^^Q, where C2 is the constant in Lemma [3 .71 Then 
for any rj < r]^ and for any 6 G C^^^{BEuc{rj)^^^) such that 9{0) = and E{9) = $ on 
BEvLciv), we have 

mu)\\j < ^ for aU u € BeuM- (3.13) 

To accomplish Step 1, assume that a lifting 9 enjoying the described properties is 
given. Let u G BEudv) and look at the path j{t) = ^(tu), where t G [0,1]. Our choice 
of constants ensures that there is a unique lifting A G Lip[0, 1], such that A(0) = and 
E[X[t)) = 7(t) on [0,1]. (In fact here A is smooth, because 7 G C^.) Moreover, see 
estimate (|3.8p . we have ||A(1)|| < Since by uniqueness it must be 9{tu) = \{t) for all t, 
Step 1 is accomplished. 

Step 2. Let r? < r/3 and let 9 G C^[Bev.c%) such that (9(0) = and £; o 6* = $ holds on 
i?Euc(f?)- Then we claim that (|3.1ip holds on Be\ic{j])- 

To prove the claim, observe that by Step 1 we know that ||^(ti)|| < ^ for all u G -Beuc(??)- 
Therefore ()3.3p gives 

d^{u) = dE{9{u))d9{u) = [Y/($(u))] [Ip + x{0{u))]d9{u). 

Combining with (|4.4p . which states that d^{u) = \Yi{^{u))] [Ip + 6(ii)], we conclude that 
d9{u) = [Ip+x{9{u))]~^[Ip+b{u)] =: Ip+uj{u). To estimate \uj\ observe that ||6'(u)|| < eo/2, 
by Step 1. Therefore, gives \x{0{u)\ < C2 \\9{u)\\ < \C2eQ < i, by requirement (f3l2]l 
on £0- Then ([STD gives |a;(n)| < 2{\x{9{u))\ + |6(n)|) < 5 + 2C4V3 < ^ if we choose 773 
small enough. Here C4 is the constant appearing in ()4.5p . Thus LipE^(,(^; i3Euc(^)) ^ 2 
and moreover 

\oj{u)\ < 2{\x{9{u))\ + \b{u)\) < 2(C2 \\9{u)\\ + C^) < 0^^'/', 

for some C3 > 1 depending on Li only. Therefore (|3.1ip is completely proved and Step 2 
is finished. 

Step 3. Let il.i,Q2 C i?Euc(^3) be connected open sets. Assume that J^i fl Q2 is connected 
and that G Qi. Let also 9i G C^^^Qi^W) be such that E o 9i = ^, on J7j for i = 1,2. 
Assume finally that ^i(O) = and that 9i{uq) = ^2(^0) for some G r^i fl ^2- Then it 
must be 9i = ^2 on Q,i r)il.2- 

To prove Step 3, let A := {u ill Q2 '■ 9i{u) = 92{u)}. Note that A because 
no G A. We show that A is open and closed in Oinil2- To see that A is open, let S G A and 
let h = 9i{u) = 92{u). By Step 1 we know that < Since the map E is nonsingular, 
there is a neighborhood O oi h such that E\q : O — )• E{0) C O is a diffeomorphism. 
Let F be its inverse. Note also that, since the maps 9i are continuous, we may assume 
that for a small open set V containing u and contained in Vti fl il2i we have 9i{y) C O. 
Therefore, starting from identity E{9i{u)) = E{92{u)) for all ti G we can apply F and 
we get 9i{u) = 92{u) for all n G F. This shows that A is open. 

Finally, to show that A is closed, let Un A for all n G N, ti„ ^ n G ili fl ri2) as 
n — )■ 00. Then, the continuity of 9i and ^2 ensures that 9i{u) = 92{u), as desired. 
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Step 4- Finally, we show that the lifting exists. Let rj := sup{r/ € (0,1^3] : there is 
e G C^(Seuc(^),IKP) such that 9(0) = and E{e) = $ on Seuc(^)}- We wiU show that 
r] = V3- 

To show Step 4, assume that rj < r]^ strictly. Let be a sequence with r/„ rj. 
Then, there are 0n G C^^^{B^^^{r]n) ,W) with 0„(O) = and E o 0„ = $ on Seuc(^). 
By Step 3, there is a unique 6 G C^(i3Euc(??)) which extends all the maps 9^- Note 
that the map 9 is 1/2-biLipschitz up to BEuciv) —'■ by Step 2. Now, fix a point 
tti G Let -BeucI'^I; ^i) C -Beuc(%) be a ball of sufficiently small radius 5i so that 

e'(5(iti, (5i) n 5) C O, where O is a neighborhood of 9{ui) such that £;[o : O E{0) C O 
is a C^-diffeomorphism (we can equip O-^ = O-p.cc with the differential structure on 
O described by the family of charts of the form p.6p ). Let F : E(0) ^ O be its inverse. 
The set ^~^{E{0)) contains the ball Beuc{ui,Si) for some 6[ < 5. We can define the map 
9i{u) := F{^{u)) for all u G B{ui,S[). Therefore, by Step 3, we have extended the lifting 
to the domain B U B{ui,S[). Iterating a finite number of times we discover that the map 
9 can be extended to a larger ball -Beuc(^+ for some small 5 > 0. Therefore it can not 
be r/ < ?73 strictly and the proof is concluded. □ 

4. Ball-box theorem for standard exponential maps 

Here we prove a ball-box theorem for the exponential maps ^> for vector fields of class Bs, 
see Definition 12.11 We use the methods introduced in |TW03| and |Strll| . However, since 
we assume less regularity than |Strll| . we need to modify slightly some of the original 
techniques. 

We keep our usual notation. Let Ti = {Xi, . . . ,Xm} be a Bs family and let V = 
{Yi, . . . ,Yq} be the family of commutators of length at most s, where £j < s denotes 
the length of Yj. We write = fk ■ ^ and Yj = gj ■ V . Denote by Bg balls with 
respect to the distance g defined in (j2.ip . It is known that under assumption Bs , any orbit 
^T^cc ■~ {y ^ • dcc{x,y) < 00} with topology Td^^ is an immersed submanifold and 
it is an integral manifold of the distribution generated by V. (In the paper [MMlYj we 
show a more general statement involving Lipschitz vector fields.) 

Fixed xq (z r > and / G I{px(,, q), define for u close to the origin 

$(n) := ^i^ccAu) ■■= exp ( ^ u^y,^.)(xo) (4.1) 

i<j<P 

where, for /c = 1, . . . , g, we let Yk = r^^'Yk = YZ=i dk^a- If \Yiixo)\ / and 5 > is smah 
enough, then the map (-^^ : -Beuc(^) — ^ ^{Beuc{S)) C O is a diffeomorphism. 

Here we equip O with the differentiable structure given by charts of the form (|3.6p . 
The inverse map ^ := (^|beuc(<5))~^ ^ chart on O. Note that a map / : O — )• M is 
if / o <!> is Cgjj^ for all charts of such family. 

Theorem 4.1. LefH be a family of Bs vector fields. Assume that (J, xo,r) is ^-maximal, 
where xq G 0, r < tq and I G I{pxo, q)- Let p^^ =: p be the (constant on O) dimension of 
PxQ. Then there are constants rjijCgjC^ > depending on Li in (|2.7p such that 

(i) there is A ^ Cg^p(i?Euc(?/i)5 IK*^^^) such that the vector fields Zj = duj+Y%.=i '^j (^)^Mfc 
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on i?Euc(^i)7 j = 1) • • • ;P satisfy ^^Zj = Yi. and enjoy estimate 

sup |VA(n)| < C75; (4.2) 

mG-Beuc('7i) 

(a) the map $ = ^i^x,r is one-to-one on the Euclidean hall -Beuc(??i)/ 
(Hi) for all rj2 € ]0, 771] we have the inclusions 

B.ixo, C67?2^V) D ^l.oABeuM) 5 B,{xo, Cg-Mr), (4.3) 

In Street |Strll| , Theorem 14.11 was proved assuming that Yj £ and that cf^- G C^. 
Here we improve the result to Yj £ and c\j € C^. The main novelty is in the proof 
of (ii) . Namely, in Theorem 14.41 we use the Gronwall inequality instead of the uniform 
inverse map theorem used in |StrlH Proposition 3.20]. Our argument has the advantage 
of requiring only regularity on the vector fields Yj and Cq on the c^j. Here Cq refers 
to regularity on the manifold O described by charts of the form ()3.6p . With Theorem 
14.41 in hands, the proof of the injectivity of the map $ is identical to the one contained 
in |TWn3| . 

Since we are working with less regularity than |Strll| . in order to keep constants under 
control in terms of our data, we give also a description of Street's arguments to show (i); 
see Lemma 14.21 and Theorem 14.31 below. Finally, we do not discuss the proof of (iii). 
Inclusion in the left-hand side is trivial, while the one in the right-hand side follows from 
a well known path- lifting argument (see |NSW85|IMM12c]IStrll) ). which we already used 
in Section [3l 

Note that under the hypotheses of Theorem 14. 1| possibly shrinking rji , we get 

1^ = [!•„$,..., l-^,<,](Ip + 6(n)) (4.4) 
where Ip -\- b{u) := {Lp -\- a{u))~^ satisfies for some C4 depending on Li in (|2.7p . 

\b{u)\ = |^(-A(u))'= < C\A{u)\ < C4\u\ for ah u G BEndm)- (4-5) 

k>l 

Before starting the proof of the theorem, we look at the behaviour of the "integrability 
coefficients" on a ball. 

Lemma 4.2. Let I G I{p,q) be such that {I,xo,r) is ^-maximal, with xq G $7 and r < tq, 
where tq is small enough to ensure that: Bg{x,rQ) C Oq. Then we may write 

[Yi,Yj]x= ^j(.^)^ik,x foralli,j<q x £ B^{xo,eor), (4.6) 

l<k<p 

where c!j^j G CQ{Bg{x(), eor)) and 

.max ( sup {\■^j\ + \Ye^^\))<C = C{L^). (4.7) 

k=l,...,p 

The constants Eq < 1 and C{Li) > 1 depend on Li in (j2.7p but not on r G (0, rg). 
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Proof. Assume for simplicity that / = Let 7 be a Lipschitz path satisfying, 

a.e. on [0,1], 7 = Yl'j=i'^j^j{'~f)- Then, arguing as in |StrlH Section 4] (see also |MM12a| 
Proposition 3.2]), we get for a.e. t G [0,1] the inequality |^Ap(7(t),r)| < C|Ap(7(t), r)|. 
Therefore, the Gronwall's inequality (j2.15p gives |Ap(7(, r) — Ap(x, r)| < |Ap(x, r)|(e'-'* — 1). 
Moreover we have 

> C^"^ max \Yh{x)\ for any x G Bg{xo,eor). (4.8) 

Thus, in the notation = (ii, . . . , ik+i, ■ ■ ■ jip), by the integrability (|2.6p and the 

Cramer's rule (|2.9p we have for all x G Bg{xQ,eQr) 



i=l 1=1 k=l 



fc=l 1=1 J f,=l 



Note that by assumption Bg, see Definition 12. H we have c^^- G C^{0). See the discussion 
after (j4.ip . Moreover, since Yj G C^^^, for all j,£, we have gj G C^. This ensures that 
c^j G CQ{Bg{xo,eor)) and easily we have the estimate |c^j| < C on Bg{xQ, eor). 

Next we need to estimate the derivatives of the coefficients c^^ . Note first that sup [Y/icf^ | = 
r sup|Y/i,cfj I < rLi < Li, see (|2.7p . Moreover, observe that for x G Bg{xo,eor), h G 
{1, . . . , g}, Kg X(p, q) and H G I{p, n), we have 



d 



IW(^)I= ;^^i?(e*"'^^)|i=o <C\Apix,r)\<C\Yjix)\. 

" " < C. for all 



(it 



Here we used (|4.8p . This furnishes, on Bg{xo,eor), the estimate 

G I{p, q) and /i G {1, . . . , (7}. The proof of the lemma is easily concluded. □ 

Let (I, X, r) be a ^-maximal triple for a family of Bg vector fields and let <I> = ^i^x,r be 
the associated exponential. For small 5 > 0, the map *l*|g^ j^^^ : -Beuc(5) — ^ ^(-Beuc('5)) C 
O is a diffeomorphism. At this stage there is no control on 5 in terms of the constant 
Li in (HZ]). Following [TW03j and [SFTT] . for j G {1, . . . ,p} let 

=: jy]{u)du, =: + «'(^))^-. (4-9) 

k=l k=l 

be the pull-back of Yi. on the small Euclidean ball i?Euc('^)- Note that a^(0) = 0. Starting 
from identity '^jUjdj = Ylj'^j^j ball -Beuc((^) and commuting with Zj, one can 

show that the coefficients Uj satisfy the ODE 

d,{QA{QOj)) = -{A\qu;) + CiQOj)A{Qu;) + C{qoj)} (4.10) 
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for < Q < 6 and uj G Here 

Aik{u) :=a'l{u) on 5euc('^) and 

Qk{u) :=^u^(^j o on BEndvi), ^"^'^^^ 

where (5 > is a possibly very small positive number, while we may choose r/i > depending 
ultimately on the admissible constant Li so that <J?(-Beuc('?i)) ^ Bg{xQ,eor). Equation 
(|4.10p is obtained in |Strll| . but some details are left to the reader. Unfortunately, we 
have not been able to derive (j4.10p in a completely trivial way. Thus we decided to fill up 
the details in the appendix. In particular we shall discuss all the regularity issues related 
with the fact that our vector fields Yj are smooth only. 

Next we give a result, which is basically a restatement of [StrlH Theorem 3.10]. Since 
we are removing some of Street's regularity assumptions, we do not get estimates on 
derivatives of A of order greater than one. 

Theorem 4.3. Let H be a Bs family of vector fields and let V = {Yi, . . . , Yq] he the family 
of their commutators up to length s. Let {I,x,r) be ^-maximal with x G and r < tq. 
Denote by C : B-Eudvi) ~^ W^^'P the matrix in (j4.1ip . Then, possibly taking a smaller r]i 
depending on Li in (12. 7p . there is a unique A G C^{BEuc{'ni)^^^^^) which solves for all 
UJ G §P-^ 

d,iQA{Qu;)) = -{A\qoj) + C{qoj)A{qu;) + Cigoj)} ifO<g<r]i, (4-12) 
satisfies A{0) = and enjoys the global estimate 

sup |V^(n)| < Cs, (4.13) 

\u\<ril 

where C5 depends on Li. Moreover, on the small ball B-Euci^), we have Ajk = Ajk, where 
Ajk is defined in (|4.1ip . 

Proof. We recapitulate Street's arguments. 

Step 1. By Lemma [4.21 there are c^^- G CQ{BdxQ,eQr)) such that (|4.6p holds with estimate 
supBp(xo,eor)l^fjl — C*, see (j4.7p . Although at this stage, we do not have any estimate on 
the norm sup„|Vu(cfj o we may use the existence part of [Strlll Theorem 3.10] 

to obtain the existence of a unique A G C''(i?Euc(??i)5 1^''^^) such that (|4.12p holds and 
\A{u)\ < C\u\ for all u G BEndvi)- 

Step 2. Now we use Step 1 to estimate the norm of (cf^- o $). Note first that, since 
cfj- G C^(Sg(xo, eo^)) and <I> G C^(i?Euc(f?i)7 ^^(^Oi £0^))) we have for all 1 < h,k < p and 

1 < hi < 9, 

\Zh{^,^ o <^){u)\ = \Yh'^,^{<^{u))\ < C for all u G Seuc(??i), (4.14) 

where the constant C depends on Li, see estimate (j4.7p . By Step 1, we can write for 
h G {1, . . . ,p}, Zh = du^ + Sj=i ^hi'^)9uj, where |a;^| is very small. Therefore, estimate 
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(|4.14p is equivalent to |V„(c^j o < C on -Beuc(^i) for some new constants C and r]i 

depending on Li in ()2.7p . 

Step 3. Here we use the hard work done in the regularity part of [ StrlH Theorem 3.10] to 
deduce that A G C^(i?Euc(??i), 1^^^^) and satisfies estimate (|4.13p . 

Step 4- As a last step, one shows that A = A on i?Euc('^)- This can be done as in |StrlH 
Lemma 3.1]. □ 

In order to show the injectivity, Theorem l4.H -(ii). given a ^-maximal triple {I,XQ,r), 
for all ui € -Beuc(^i)) consider the exponential map 

^{v) := ^u,{v) := exp ( ^ VjZj^ui, (4.15) 

i<i<P 

where v belongs to a neighborhood of the origin in M^. The map is C^, because Zj G C^. 

Theorem 4.4. Let (/, xo,t) be ^-maximal, where xq G f^, / G I{pxo,q) and r < tq. Then 
there is r]2 > such that 

1 ^ \^u^{v)-^uAv)\ foralluieBEucim) v,v e BEndm)- (4.16) 

2 \v — v\ 

Note that Theorem 14.41 implies that for all ui G -BEuc(f?2)) the map ^'^^ is one-to-one 
on Beuc(^2) and, by a standard path-lifting argument, it ensures the quantitative openness 
condition ^'^^ (5euc(??2)) 15 -Beuc('Ui, ^m) for ah m G B-^^dm)- 

Once Theorem 14.41 is proved, then the injectivity of the map follows from the argu- 
ment in |TW031 p. 622], or |StrlH Proposition 3.20]. We omit the proof. 



Proof of Theorem \4-4\ It suffices to show that there is r/2 < r/i such that for all ui G 
Beuc('?2)i the map ^ = satisfies 

sup \d^uAv) - Ip\<]: for all ui G -Beuc(??2), 

where as usual |-| denotes the operator norm. 

To show this estimate, recall that the vector fields Zj = dj + afj{u)dk on i?Euc(^i) 
satisfy (ji^ . Therefore, 

\a{u)\ < Csl^l < (4.17) 
provided that \u\ < r/i/Cs. Now we show that 

|ni|<^ and < ^ l^^iWI < (4-18) 

To prove (|4.18p let y = y{t,v) := ^ui{tv). Assume that for some to ^ 1 we have 

7^ = \y{to,v)\ > \y{t,v)\ for aU t G [0,to[. 

Then 

- \y{to)\ <\ui\+ / [Ip + a{y{T)))vdT < \ui\ + \v\to + rii\v\to 



2C5 2C5 
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But this can not hold unless Iq > 1. Therefore, (j4.18p is proved. 

Let us look again at y = y{t,v), note that ^j-{0,v) = and \a{y{t,v))\ < r/i for all 
t G [0,1], if \u\ < ^ and < ^ (this follows from (fiTTl) and (f¥J8]) l. Write the 
variational equation 



•' ■' i<e<p i<i,h<p ■' 

Denote [^{t))^^^^ =: w{t) G M^xp and (L^t))! := YJ'i=idh4{y{t))vi. Note estimate 
< C'sl'i'l- Starting from the ODE w{t) = Ip + a{y{t)) + L^(t)w{t) and integrating, 
we obtain 



\wit)-tlp\< / {C75|7;| |u;(t) -r/p| +r|L„(T)| + Ia(y(r))|}dT 
JO 

< Csl^l / \w{t) - Tlp\dT + C5t\v\ + tr]i, 
Jo 

for all t G [0, 1]. The Gronwall inequality (|2.15p gives 

\w{l) - Ip\ < 9^^^±^{eMC5\v\) - 1) < 

as soon as we assume without loss of generality that rji < j and we take \v\ < r/2 where 772 
is small enough, depending on C5 and 771. □ 



A. Appendix 

Here we discuss a detailed derivation of (|4.10p . in which we use the fact that any orbit 

O-p associated with V = {Yi, . . . , Yg}, is a p-dimensional immersed submanifold of M". 

Since we are discussing a regularity issue, without loss of generality we may assume that 

r = 1 so that no tilde symbols appear. 

Recall that given a manifold O, we say that U is a vector field on O if in any 
coordinate system O D B x ^ a{x) = C ^ a(0) C W, we have = Yl ^^i^){'^)x 

for all X £ Q, where = Ua^ is a function on Q. 

Remark A.l. We recall some known facts about manifolds. 

(a) The notion of vector field is well defined (coordinate invariant) provided that O 
is at least . 

(b) Integral curves of a vector field on a manifold O are unique and the map 
X I— >■ e*^a; is smooth. Indeed, a path t 1— )■ 7(t) G O is an integral curve ofU if and 
only if a o 7 is an integral curve of the vector field YlkO^'' ° which is a 

vector field in a{Q,). 

(c) If U and V are vector fields in Q. d O, one can check that the commutator 
\U,V]x '■= Yj{UV^ {x) — VU^ {x)){d^j)x is well defined independently on the coordi- 
nate system and it turns out that [U, V] = LijV . Finally, ifU, V are vector fields 
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and ^' e C^(f7), then 

: [U,V] = y^iUV^x) - VW{x)}(—) and 

(A.l) 



1 



[U,^V] = U^V + ^[U,V] 

(d) If O is a submanifold of R" and Y is a vector field in M" which satisfies 
Yx & TxO for all X £ O, then any integral curve of Y starting from O can not 
leave O for small times. 

All items (a),(b) and (c) can be checked relying on the fact that the coordinate versions 
of a vector field on a manifold O are C^. Statement (d) is related with the embedding 
of O in M" and can be checked for instance by writing a local change of coordinates in 

which makes O of the form W x {0}. This standard argument works well as soon as 
the manifold is C^'^ at least. In less regular cases one can use Sony's theorem. 

Next we come to the derivation of (|4.10p . Let W := Yl^=i '^j^uj- Start from identity 

= + = Y,UjY^Muy (A.2) 

Since O is a manifold and TxO = spanjl^-^^ : j = 1, . . . ,p} for all x = Remark 
[AH (d) ensures that <^{B^^^{5)) C O. The map $|beuc(<5) ■ Beuc{S) ^ ^(5euc(5)) ^ O 
is a diffeomorphism and its inverse ^' = can be used as a chart. Then, at any 
X = with \u\ < 6 we have 

{^,W)x = Y,^H^)Yj,x (A.3) 
j 

Observe that the a priori continuous vector field is actually C^. This follows looking 

at the right-hand side of ()A.3p . Indeed, is a function and, by Remark lA.ll -(d). Yj 
is a vector field (in both statements refers to the differential structure of O 
described in (j3.6p ). Thus its integral curves are unique and the flow x i— )• e~^^*^ x is a 
local diffeomorphism on O. See Remark I A. II - fb). 

Next, note that, if (5 > is small enough and |m| < (5, then the linear system D^{u)hj{u) - 
gj{^{u)) has a unique solution hj{u) G W (here D^{u) € R"'^^ denotes the Jacobian ma- 
trix). The solution hj{u) is given by the Cramer's rule ()2.9p . Let Zj^^ '■= hj(u) ■ V be 
the corresponding continuous vector field. Pulling back (IA.2p . we get ujdj = UjZj, 
see |TWn3[[Stm] . 

We claim that u i— )• W^hj{u) := CwZj{u) is a continuous function in -Beuc('5)- By the 
Cramer's rule (|2.9p . this claim follows from the continuity of u i— >■ W^{dj'^){u)^ which will 
be checked in Lemma [A. 21 below, and from the continuity of gj o <I>. 

Since W = X]j=i then e*^ii = e^u and this gives the expansion hi{e*u) = 

hi{u) + W'^hi{u)t{l + o(1)), as t ^ and 

CwZi{u) = lim ^{e~*/ii(e*u) - hi{u)] = -hi{u) + W^hi{u). 
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Let now rj = X]fe=i ^ smooth one form. Testing jCw^j against r], we 

get 

{jCwZi,v) = / E {w^hHu)m{u) - hUu)vk{u))du 

^ (A 4) 

k,j k 

where Du hJl S T)' denotes the distributional derivative of the continouos function /i^. 
EquaHty ()A.4p can be checked using the definition of := Cw and integrating by parts. 

Next we want to write Cw^i in a different way, in order to use the integrabihty condi- 
tion. To this aim, we calculate its push forward. Let : TB-Euci^) — ^ TO be the tangent 
map. Fix u G -Beuc(^) and let x = <I>(n). Then, 

= lim ^{(<I> o e-*^).(Z,,,.^J - y,,,)}, 

because $ : BEnc{S) ^ O is C\ so that ^^e"*^ = (^oe"*^)*. Since the function e"***^ is 
the flow of a Cq vector field, it is Cq, see Remark lA.ll -(b). Therefore, $oe~*^ = e~***^o$ 
and we have 

We have shown that ^'^./Iiy-^i = = C^Y^ ^ ^^iy^i under our regularity assumptions 

(this is a well known fact for smooth vector fields). Since the vector field ^ ^^^j is on 
O, by (jA.ip . we may write 

i j j 

Pulling back, we get 

CwZ^ = ^-^^^CwZ^ = - ^ K{u)Zj - ^ nj(4 o $)Zfe. ^^ 5^ 

Here we used the equality Yi^^ = hj^u). H 

We have obtained two different expressions for C^Zi, namely (|A.4p and (jA.Sp . In order 
to compare them, it suffices to test (jA.SP against ij. This gives the distributional identity 

UjDjh^dk - ^ ZjUj-aj = - ^ ZitijZj - ^ nj(c*- o ^>)Zfc, 



^This can be proved as follows. Possibly choosing a smaller 5, we may extend to a function 
defined in a open set in R" containing $(-Beuc(<5)). Then, 

n 71 
ol — I ck — 1 fc 

because ^ o ^(u) = w for all u. 
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where ZiUj = hi{u) ■ '^Uj = h\{u). Last equahty is exactly formula (3.5) in |Strll| . From 
now on, it suffices to follow Street's calculations and we get the ODE (|4.10p . 

Lemma A. 2. Let Yj := gj ■ V, where gj € C^^^ for j = 1, . . . ,p. Let <I> be the exponential 
map in ()4.ip and let := dj^. Then the map u i-> W'^^j{u) := lim^^o l{^jie'^u) — ^j{u)) 
is continuous in a neighbourhood of the origin. 



Proof. Let ri{t,u) = ^{tu) be the solution of ^{t,u) = Yl^=i'^j9j{v{t^u)) with r/(0, 
xq. Since e^^O = for all e, we have W^<^j{0) = 0. 



u 



In order to calculate W'^^j{u) for u ^ 0, note that jA-{t,u) = t^j{tu), for any t and u 



close to 0. Therefore, if u 7^ 0, we have 

W^^jiu) := lim ^(<I>,M - 

= \im^C-^{t,u)-^il,u)). ^^''^ 
Mt-lKtduj^ ' duj ^ ' V 

But the definition of partial derivative and the variational equation give 

In other words, since rj{l,u) = 

^{t,u) = + it-l){^g,mu)) + Y,Ukd^gmnWj{n)){l + o{l)), 

^ ^ k,i 

which, inserted into ()A.6p . gives W^^j{u) = -^j{u) + gj{^{u)) + ^f, -Ukdigk{^{u))^'-{u). 
This shows that VF^^j is a continuous function at any n 7^ 0. Moreover, W'^^j{u) — ?> 
-$j(0) + gj{^{0)) = 0, as u -> 0. Since we already claimed that W^^j{0) = 0, the proof 
is concluded. □ 



References 

[BBPI2] M. Bramanti, L. Brandolini, and M. Pedroni, On the lifting and approximation theorem for 

nonsmooth vector fields, ArXiv e-prints; Indiana Univ. Math. J. (to appear) (2012). 
[Bon69] Jean-Michel Bony, Principe du maximum, inegalite de Harnack et unicite du probleme de 

Cauchy pour les operateurs elliptiques degeneres, Ann. Inst. Fourier (Grenoble) 19 (1969), 

no. fasc. 1, 277-304 xii. MR 0262881 (41 #7486) 
[Che99] J. Cheeger, Differentiability of Lipschitz functions on metric measure spaces, Geom. Fund. 

Anal. 9 (1999), no. 3, 428-517. MR 1708448 (2000g:53043) 
[FL83] Bruno Franchi and Ermanno Lanconelli, Holder regularity theorem for a class of linear nonuni- 

formly elliptic operators with measurable coefficients, Ann. Scuola Norm. Sup. Pisa CI. Sci. (4) 

10 (1983), no. 4, 523-541. MR 753153 (85k:35094) 
[FP83] C. Fefferman and D. H. Phong, Subelliptic eigenvalue problems. Conference on harmonic analysis 

in honor of Antoni Zygmund, Vol. I, II (Chicago, 111., 1981), Wadsworth Math. Ser., Wadsworth, 

Belmont, CA, 1983, pp. 590-606. MR 730094 (86c:35112) 
[GN96] Nicola Garofalo and Duy-Minh Nhieu, Isoperimetric and Sobolev inequalities for Carnot- 

Caratheodory spaces and the existence of minimal surfaces. Comm. Pure Appl. Math. 49 (1996), 

no. 10, 1081-1144. MR 1404326 (971:58032) 



22 



A. Montanari and D. Morbidelli 



Step-s involutive vector fields and Poincare inequality 



[GrelO] A. V. Greshnov, On a class of Lipschitz vector fields mR^, Sibirsk. Mat. Zh. 51 (2010), no. 3, 

517-527. MR 2683094 (2011g:53059) 
[Her62] Robert Hermann, The differential geometry of foliations. II, J. Math. Mech. 11 (1962), 303-315. 

MR 0142131 (25 #5524) 

[HKOO] Piotr Hajlasz and Pekka Koskela, Sobolev met Poincare, Mem. Amer. Math. Soc. 145 (2000), 

no. 688, x+101. MR 1683160 (2000j:46063) 
[Jer86] David Jcrison, The Poincare inequality for vector fields satisfying Hormander's condition, Duke 

Math. J. 53 (1986), no. 2, 503 523. MR 850547 (871:35027) 
[KV09] Maria Karmanova and Sergey Vodop'yanov, Geometry of Camot-Caratheodory spaces, dif- 
ferentiability, coarea and area formulas, Analysis and mathematical physics, Trends Math., 

Birkhauser, Basel, 2009, pp. 233-335. MR 2724617 
[KZ08] Stephen Keith and Xiao Zheng, The Poincare inequality is an open ended condition, Ann. of 

Math. (2) 167 (2008), no. 2, 575-599. MR 2415381 (2009c:46028) 
[LMOO] Ermanno Lanconelli and Daniele Morbidelli, On the Poincare inequality for vector fields. Ark. 

Mat. 38 (2000), no. 2, 327-342. 
[ManlO] Maria Manfrcdini, A note on the Poincare inequality for Lipschitz vector fields of step two, 

Proc. Amer. Math. Soc. 138 (2010), no. 2, 567-575. MR 2557174 (2010j:35011) 
[MM04] Annamaria Montanari and Daniele Morbidelli, Balls defined by nonsmooth vector fields and 

the Poincare inequality, Ann. Inst. Fourier (Grenoble) 54 (2004), no. 2, 431-452. MR 2073841 

(2005e:46053) 

[MMll] A. Montanari and D. Morbidelli, A Frobenius-type theorem for singular Lipschitz distributions, 
ArXiv e-prints (2011). 

[MM12a] , Almost exponential maps and integrability results for a class of horizontally regular 

vector fields, ArXiv e-prints (2012). 
[MM12b] , Generalized Jacobi identities and ball-box theorems for horizontally regular vector fields, 

ArXiv e-prints (2012). 

[MM12c] , Nonsmooth Hormander vector fields and their control balls. Trans. Amer. Math. Soc 

(to appear). (2012). 

[MorOO] Daniele Morbidelli, Fractional Sobolev norms and structure of Carnot-Caratheodory balls for 

Hormander vector fields, Studia Math. 139 (2000), no. 3, 213-244. MR 1762582 (2002a:46039) 
[NSW85] Alexander Nagel, Elias M. Stein, and Stephen Wainger, Balls and metrics defined by vector 

fields. I. Basic properties. Acta Math. 155 (1985), no. 1-2, 103-147. MR 793239 (86k:46049) 
[SC92] L. Saloff-Coste, A note on Poincare, Sobolev, and Hamack inequalities, Internat. Math. Res. 

Notices (1992), no. 2, 27-38. MR 1150597 (93d:58158) 
[Strll] Brian Street, Multi-parameter Carnot-Caratheodory balls and the theorem of Frobenius, Rev. 

Mat. Iberoam. 27 (2011), no. 2, 645-732. MR 2848534 

[Sus73] Hector J. Sussmann, Orbits of families of vector fields and integrability of distributions. Trans. 

Amer. Math. Soc. 180 (1973), 171-188. 
[SW06] Eric T. Sawyer and Richard L. Whccdon, Holder continuity of weak solutions to subelliptic 

equations with rough coefficients, Mem. Amer. Math. Soc. 180 (2006), no. 847, x+157. MR 

2204824 (2007f:35037) 

[TW03] Terence Tao and James Wright, L^ improving bounds for averages along curves, J. Amer. Math. 
Soc. 16 (2003), 605-638 (electronic). 

[VSCC92] N. Th. Varopoulos, L. Saloff-Coste, and T. Coulhon, Analysis and geometry on groups, Cam- 
bridge Tracts in Mathematics, vol. 100, Cambridge University Press, Cambridge, 1992. MR 
1218884 (951:43008) 

Annamaria Montanari, Daniele Morbidelli 

DiPARTIMENTO DI M ATEMATIC A , UnIVERSITA DI BOLOGNA (ItALY) 

Email: cumamaria.montaiiariQunibo.it, dciiiiele.morbidelliQunibo.it 



23 



